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2. Prediction by Numerical Methods of Self-Sustained Oscillations
in a Two-Axis Model of the Nonlinear Sampled-Data LST System

2-1. Introduction

It has been demonstrated in [2] that the stability equations as
a result of the describing function analysis imay be solved by a
numerical-iterative technique. In Chapter 1, the numerical technique
is app]ied‘to the prediction of self-sustained oscillations in a two-
‘axis model of the nonlinear LST system with continuous-data. In this
chapter the same numerical technique will be extended to the prediction
of self-sustained oscillations in a two-axis model of the nonlinear
LST system wfth sampled-data.

In the two-axis model of the LST system, the system contains two
ndn1inearities, and the general form of the stability equation in the

sampled-data case is

~ ~

1+ Ga(TanIN(A, ) + G (TonIN*(A,n,6) = O - (21

where GB(T,n) and GC(T,n) are transfer functions which describe the
linear elements of the coupled systems, and N(A,n,¢) represents the
discrete describing function of the CMG nonlinearity. The amplitude of
the sinuéoida] signal at the input of the nonlinearities is denoted by

A; T is the sampling period in second, and n is the integer which relates
the period of the sustained osci]iatidn to the sampling period; ¢ is the

phase angle of the input sinusoid. Therefore,



TC = nT = period of sustained oscillation (2-2)
or
w. = &8 = frequency of sustained oscillation in rad/sec (2-3)

C nT

2-2. The Sampled-Data Two-Axis LST System Model and Its Stability
Equation

Figure 2-1 illustrates the signal flow graph representation of
the sampled-data single-axis LST system. The nonlinear friction of
the CMG is modeled by the branch with the gain N, where strictly, N
denotes the discrete describing function N{A,n,¢). The sémpTe-and—hon
at the input of the nonlinearity is addéd for analytical purposes, so
that the overall system may be treated by the z-transform method.
Since the actual system does not have the sample-and-hold preceding N,
the system configuration of Fig.IZ—T should be considered as én approxi-
mation to the sampled-data single-axis LST system. |

Figure 2-2 shows the two-axis model of the LST system, with the
coupling made at the output stages. The coupling coefficients K2 and
K3 may be varieq for various degrees of coupling between the two single-
axis systems. |

For the study of self-sustained oscillations, we set X T Xp = 0.
From the signal flow graph of Fig. 2-2, the following hauﬁe—and—effeét

relationships are written for the variables at the outputs of the four

samplers:
= . * -
_E? A?ET + A§N XT + AEEE AEN*X§ . | (2-4)
E,é, = _ATE,é- + OAXNEXE + A*E* - ARNEYH - (2-5)
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Figure 2-1. The Sing1e4axis sampled-data LST system model.
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The two-axis sampled-data LST system model.



XX = -BEN*XY + BXEY

Xy = -BAN*X% + BSEX

where
005830 GMy
Ay = A
0
G, 616,066 EGBHK A
Ao = 4 = MGy
PR TS
A3 h A
8]
GhoGlﬁiGsHthl
Ap = — 4 = A36,K,
) 0
5 - ho%s"2
1. SAO
G GGG
_ GpolBpbatighy
B, = ™ = 846,64
0
A] =1+ GSGB
i 2.2 , 22 26 2 _ 6262622
By =1+ 263Gg - K6, + G365 - 2636,6cK, ~ 636,46k
_ 22 27
b, = 1+ 6,6, - GyGgKoG, - Kobg

In the last nine equations all functions are functions of s. The
sampled signal flow graph of the system js-drawn in Fig. 2-3 using

gs. (2-4) through (2-7).

(2-8)

(2-11)

{2-12)

(2-13)

(2-14)

(2-15)

{2-16)

The determinant of the sampied signal flow graph is obtained from

Fig. 2-3 by use of Mason's gain formula. The expression is given in

terms of the z-transform functions:



Figure 2-3. Sampled signal flow graph of the twe-axis sampled-data LST system.



Mz) = [V + 2A)(2) - A5(2) + Af(2)]+ 2N(A,n,9)[B; (2) - B,(2)A(2)

+ Ay(2)B,(2)Ry(2) + 28 (2)8)(2) - A (2)Ag(2)8B,(2) + Af(z)al(z)

- A5(2)8,(2)] + K2(A.n, )8 (2) - A2(2)BE(2) - 2B, (2)B,(2)A,(2)

¥ Ag(z)ag(z) + 2,(2)A, (2)B,(2)B,(z) + 2A](z)3$(z)
2, o2 2, 12 '
- ZA](Z)AB(Z)B1(Z)BZ(Z) + A](z)B](z) - AZ(Z)B}(Z)] (2-17)

The components of A{z) are determined as follows:

] -, _ )
) KeHI, (K + K s){d s +K s+K ) {s“+K,s + K,)
| op
2
_ KK H(K . + Kos){d.s™ + Ks + K.)
, op
R fHJV(KOI; K]s)(JGs2 + Ks 4+ KI)(52 + K35 + K2)
Ay(z) = (1 -27)3 x P . (2-20)
op
(0, P |
_ HK, (K + Kos)(Jd.5° + K s + K.)
pylz) = (1 - 27 hyg =016 S (2-21)
. op
-_1 (JGs2 + K ~_=,+I<I)[J\’r‘;(s2 + K3s + 1(2)2 - K%] | :
By(z) = (1 - 273 P— ” - (2-22)
op
1 KI(JGS2 + K s + KI)[JS(S2 + K35 + K2)2 - Kg]
B,(2) = (1 - 2 )b P 5 : (2-23)
s A
op
_ 2.4 3 2 2 2 2, 2
Aop = [JGs + 2KpJGs + (|<p + 2KIJG)s + ZKDKIS + KI][JV(S + Kys
+ K2) - K2] ' (2-24)



The expressions for the discrete describing function of the CMG
nonlinearity, N{A,n,¢), may be found in [2]. In the present case,
since the two axes are considered to be identical, and the couplings

are symmetric, it is assumed that the amplitudes of the input signals

at the two nonlinearities are identical.

The stability equation is obtained by setting a(z) of Eq. (2-17)

to zero. It is apparent that A{z) = 0 is of the fomm:
Mz) = 1+ Gy(z) + G (2)N(An,) + B (2N (A,n,0) = O

which can be written as

1+ By(TuIN(A,8) + G (T.n e

B An,p) =0

by dividing both sides of the equation by 1 + GA(Z), and setting

;= eJZw/n

(2-25)

{2-26)

{2-27)

Equation (2-26) shows that in the sampled-data system, there are

four variable parameters in the stability equation in T, n, A, and ¢,

whereas in the continuous-data system there are only two variables in

A and w.

2-3. Exact Seolution of the Stability Equation of the Two-Axis Sampled-

Data LST System by Numerical-lterative Techniques

The numerical-iterative method described in Chapter 1 is now used

to solve the stability equation of the two-axis éampTed—data LST system,

Eq. (2-26).

In Eq. {2-26) we define



6(Tan) = Gy + J6y

G(Tan) = Gpp + J6y,

N2(Auns) = Ny + 3N
LB 2t INp

(2-28)

- (2-29}

(2-30)

(2-31)

where GRI’ GIi’ GRZ’ GIZ’ NRT’ NI]’ NRZ’ and NIZ are all real quan§1t1es.

When Eqs. {2-28) through (2-31) are substituted into Eq. {2-26),

and after grouping the real 'and imaginary parts, we have,

A= Ay + JA

R =0

I
where

Ay =1+ G Ny - G N + G

R rir1 - BN 0

roNge ~ GroMyp ®

A =G

1 = GpyNpy * GpyNpy ¥ GypNpp + GpolNpp = 0

12 R2 R212

These two expressions represent two eguations in four variables

in A, T, ¢, and n. [t is necessary to assign values to two of these

(2-32)

(2-33)

(2-34)

variables and solve for the remaining two using the numerical-iterative

method. In general, it is practical to assign values to T and n, and.
Egs. (2-33) and (2-34) are solved to yield A and ¢. Alternatively, we
‘may assign values to n and ¢, and‘so1ve for A and T. The latter case
has been carried out in the current study.

As in Chapter 1, we define

(2-35)



Then, Eqs. (2-33) and (2-34) can be written as
F{x) =0

The Newton-type quadratically convergent numerical method described
in Chapter 1 can now be directly applied to this two-variable system.

The following system parameters are uysed:

T = 0.1 ft-1b

GFQ
H = 600 ft-Th-sec

2.1 ‘Ft-lb-sec2

[}
1

G
K, = 5758.35
K} = 1371.02
Kp‘= 216 ft-1b/rad/sec
Kp = 9700 ft-1b/rad
3, = 10° ft-ib-sec’
y = 1.38 = TD?

Three sets of coefficients of coupling are used for this study:

(1) K, = 0.1 Ky = 0.1
(2) K, = 1.0 Ky = 0.1
(3) K, = 5.0 Ky = 0.1

(2-36)

(2-37)

10



For éach integral n, and a fixed value of ¢,.a solution of Eq. (2-37)
is attempted with an initial guess on T and A. A convergent solution for
T and A together with the assigned n and ¢ describes a sustained oscillation
in the system. One of the characteristics of the numer{ca1 method fs that
the solution depends on the initial conditions set by the aﬁa]yst. As
shown 1in the earlier studies, it is quite possible that a syétem may have
a muitiple number of so]utions for the same set of n and ¢. An exhaustive
search can only be conducted by a systematic scan of all the possible
combinations of the initial values in the iterative process, unless one
has general information at the outset on the numﬁer and the proximity of
the solutions.

Figure 2-4 shows the plots of fhe two solutions of T versus A for
K2 = K3 - 0.1, and for relative 1arge vaiues of n. The fesu]ts are shown
only for ¢ = 0°. when.a1]_the va]ues of ¢ are used, the sd]utions'of T
and A trace out a loop in the T versus A domain. Fdr targe values of n,
these loops are very small, as the solutions are relatively insensitive
to n. As n decreases, these loops beEOme more pronounced, as indicated
in.Fig. 2-5.  As n decreases, one of the solutions disappears, as the
amplitude of A hecomes exceedingly small.

Figure 2-6 gives the computer results for K2 = K3 = 0.1 that
correspond to one set of solutions for ¢ = 0°, Figure 2-7 tabulates the
other set df results for K2 = K3 = 0.1 with ¢ = 0°., Figure 2-8 gives the

tabulations of results for K2 = K3 = 0.1, n = 4, and variable ¢.

1.0 and X

1]

Figures 2-9 and 2-10 give the results with KZ 0.1.

3
0.1 with ¢

Figure 2-11 shows the solutions for K, = 5.0 and K, 0°,

In this case, the amplitude of oscillation decreases as n decreases, so

that there is Tess chance for the low-frequency oscillations to occur.



The results indicate that harder coupling (larger values of K

tends to reduce the chance of self-sustained dsci]]ﬁtions.

2

and K

3}

¥2
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Figure 2-4., Amplitude and frequency {2v/nT) of self-sustained oscillations for various sampling
periods in the discrete-data two-axis LST system; vy = 1.38x107.
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